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Various local connectedness and compactness properties of topological spaces are charac-
terized by higher degrees of distributivity for their lattices of open (or closed) sets, and
conversely. For example, those topological spaces for which not only the lattice of open
sets but also that of closed sets is a frame, are described by the existence of web neigh-
borhood bases, where webs are certain speciﬁc path-connected sets. Such spaces are called
web spaces. The even better linked wide web spaces are characterized by F-distributivity
of their topologies, and the worldwide web spaces (or C-spaces) by complete distributivity
of their topologies. Similarly, strongly locally connected spaces and locally hypercompact
spaces are characterized by suitable inﬁnite distributive laws. The web space concepts are
also viewed as natural extensions of spaces that are semilattices with respect to the spe-
cialization order and have continuous (unary, binary or inﬁnitary) semilattice operations.
© 2009 Elsevier B.V. All rights reserved.
0. Introduction
The guiding principle in the present paper leans on the somewhat surprising phenomenon that many local connect-
edness or compactness properties of topological spaces may be expressed by certain inﬁnitary distributive laws for their
lattices of open or closed sets. This observation provides a point-free approach to diverse classical topological problems
involving notions of local connectivity or compactness. Thus, roughly speaking, categories of (sober) spaces enjoying certain
local properties are dual to categories of (spatial) frames satisfying suitable degrees of distributivity. Another motivating
aspect of our study is that various classes of spaces with strong local connectedness properties may be regarded as natural
generalizations of semilattices with compatible topologies such that the unary, binary or inﬁnitary semilattice operations
become continuous (cf. [19]), or of topological semilattices with local or global bases of subsemilattices.
It is well known that every topology is a frame. Moreover, lattice-theoretically, the topologies are, up to isomorphism,
just the spatial frames, i.e., those complete lattices in which every element is a meet of primes. Not much attention seems
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of such spaces may be the fact that they have almost no separation properties: indeed, a T1-space with a coframe topology
must already be discrete. But in “non-symmetric” topology (and its applications in algebraic geometry, logic, theoretical
computer science and elsewhere), spaces with coframe topologies certainly have their place. Moreover, such spaces are also
of interest for general topology, because of their good local connectivity properties.
We start with a survey of the manifold connections between diverse notions of distributivity, continuity and order-
compact generation, concluding with a large diagram showing the hierarchy of these properties. Then, we recall some
characterizations of closure frames, i.e., closure systems that are frames but not necessarily topological. A topological space
whose topology is a coframe is said to be closure meet-continuous, being characterized by meet-continuity of the lattice
of closed sets; moreover, if the specialization order of the space is a semilattice order then closure meet-continuity is
equivalent to continuity of the unary meet operations.
From the “open” point of view, it is important to have handy descriptions of topologies enjoying higher degrees of
distributivity by means of suitable systems of neighborhoods. Then, we show that the spaces with coframe topologies are
precisely the so-called web spaces. Web neighborhoods are always connected with respect to the specialization order and,
consequently, path-connected.
On the other hand, webs are more general than the strongly connected [38] or ultraconnected [44] sets. An intermediate
class between strongly locally connected spaces and web spaces is that of wide web spaces, which are characterized by a
similar local connectedness property but also by a distributive law for the topology, stronger than the coframe property yet
weaker than complete distributivity.
Spaces with completely distributive topologies are called C-spaces or locally supercompact spaces; it turns out that they
are just the locally compact wide web spaces. Even more restricted are spaces with a minimal base (B-spaces), which in
turn include all Alexandroff discrete spaces (A-spaces). Here, we discuss the relationships between A, B- and C-spaces and
(wide) web spaces (see also [10,14,16]).
The notion of κ-web spaces provides a uniform treatment of the previously discussed types of web spaces. Indeed, κ-web
spaces admit a description by κ-distributivity of their topologies; in the presence of enough meets, they have continuous
meet operations of arity less than κ (with respect to the box topology). Similarly, locally (κ-)hypercompact spaces are char-
acterized by (κ-)ﬁlter distributivity of their closed set lattices. We show that all compact open subsets of web spaces and
of monotone determined spaces (hence, of Scott spaces) are hypercompact. Applications to the upper topology are deferred
to a separate note [18].
Throughout this paper, we shall make use of the Axiom of Choice (AC) or consequences of it (cf. [33]). Statements based
on choice principles are marked by an asterisk (*). All other statements are established in a choice-free manner.
1. Distributive laws, continuity and compact generation
Let us start by recalling a few order- and lattice-theoretical deﬁnitions (cf. [10,13,14]; the main reference is Continuous
Lattices and Domains by Gierz et al. [25]). A preordered or quasi-ordered set P is a set equipped with a reﬂexive and transitive
relation . The dual of P (obtained by reversing the order relation) is denoted by P˜ . Principal ﬁlters, upsets (or upper sets),
principal ideals and downsets (or lower sets) are deﬁned by
↑y = {x: y  x}, ↑A =
⋃
{↑a: a ∈ A} (y ∈ P , A ⊆ P ),
↓z = {x: x z}, ↓B =
⋃
{↓b: b ∈ B} (z ∈ P , B ⊆ P ).
The (upper) Alexandroff topology αP consist of all upsets ↑A, the lower Alexandroff topology α P˜ of all downsets. A few other
intrinsic topologies will also be of interest:
• the Scott topology σ P = {U ∈ αP : ∨ D ∈ U for directed D implies U ∩ D = ∅},
• the upper topology υ P (generated by the complements of the principal ideals),
• the lower topology υ P˜ (generated by the complements of the principal ﬁlters),
• the Lawson topology λP (generated by σ P ∪ υ P˜ ),
• the interval topology ιP (generated by υ P ∪ υ P˜ ).
Next, to the inﬁnite distributive laws. A complete lattice L is a frame if
a∧
∨
B =
∨
{a∧ b: b ∈ B}
for all sets B ⊆ L, and meet-continuous if that identity holds at least for all directed subsets B; coframes and join-continuous
lattices are deﬁned dually. And L is supercontinuous if the identity
(D)
∧{∨
Y : Y ∈ Y
}
=
∨{∧
Z : Z ∈ Y#
}
holds for all collections Y of subsets and their crosscut systems
Y# =
{
Z ⊆
⋃
Y: ∀Y ∈ Y (Y ∩ Z = ∅)
}
.
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∧{∨
Y : Y ∈ Y
}
=
∨{∧
{χY : Y ∈ Y}: χ ∈
∏
Y∈Y
Y
}
.
Note that L is a coframe iff (D) is fulﬁlled at least for all systems of the form {{a,b}: b ∈ B} with a ∈ L and B ⊆ L.
Accordingly, we call L a wide coframe if (D) holds for all families Y of ﬁnite subsets. The dual notion is wide frame. A spa-
tial frame has a meet-dense subset of (meet-)primes p, and dually, a spatial coframe has a join-dense subset of coprimes
(= join-primes).
A poset is algebraic if its elements are directed joins of compact elements, where compactness of an element c means
that it belongs to every directed downset having a join above c. Similarly, a complete lattice is superalgebraic iff it has
a join-dense subset of supercompact (i.e., completely join-prime) elements. An intermediate notion between algebraic and
superalgebraic is the following: a hyperalgebraic poset is one in which each element is a directed join of hypercompact
elements c, characterized by the property that P \ ↑c is a ﬁnitely generated downset ↓F .
A poset P is continuous iff for each element y ∈ P , the way-below ideal
⇓y =
{
x ∈ P : ∀D ⊆ L
(
D directed, y 
∨
D ⇒ x ∈ ↓D
)}
is directed with join y, or equivalently, iff each y ∈ P is the directed join of the set
⇓σ y = {x ∈ P : y ∈ intσ P (↑x)},
and P is hypercontinuous iff each y ∈ P is the directed join of the set
⇓υ y = {x ∈ P : y ∈ intυ P (↑x)}.
The continuous complete lattices are exactly those which enjoy (D) for all families of directed sets (see [24]). In the same
way, a complete lattice is supercontinuous iff each element b is the join of all elements a  b, the latter meaning that a
belongs to every downset whose join is above b. Similarly, for elements a,b in a join-semilattice S , we write a  b if a
belongs to every ﬁnitely generated downset ↓F with b ∨ F and call S F -distributive if each b ∈ S is the join of all a  b.
Then the F -distributive complete lattices are just the wide coframes (see [14] and Proposition 4). Unlike the notions of
algebraic and continuous lattices, those of superalgebraic and supercontinuous lattices are self-dual (see, e.g., Raney [41,42]).
In the ﬁrst lemma, we list some facts that will be needed in due course.
Lemma 1.
(1) An element c of a poset is hypercompact iff ↑c is υ-open.
(2) Supercompact elements are hypercompact, and these are compact.
(3) A poset P is hypercontinuous iff it is continuous and υ P = σ P .
(4) A poset is hyperalgebraic iff it is algebraic and hypercontinuous.
(5) A lattice is supercontinuous iff it is a continuous wide coframe.
(6) A lattice is superalgebraic iff it is an algebraic wide coframe.
(7) * Every algebraic coframe is superalgebraic, every continuous frame is spatial, and every supercontinuous lattice is a spatial
coframe.
Proof. (1) and (2) are straightforward. For (3), see, e.g., Mao and Xu [39].
(4) Let c be a compact element of an algebraic and hypercontinuous poset P . Then ↑c ∈ σ P = υ P by (3), and so c is
hypercompact by (1).
(5) Obviously, a supercontinuous lattice is a continuous wide coframe. Conversely, if L is a continuous wide coframe then
for b  a ∈ L, one ﬁnds ﬁrst a c  b with c  a and then a d  c with d a; it is then easy to see that d b.
(6) For an algebraic lattice, the following notions are all equivalent:
superalgebraic, supercontinuous, spatial coframe, wide coframe.
Clearly, “superalgebraic” is the strongest and “wide coframe” the weakest of these properties. In order to show that an
algebraic wide coframe L is superalgebraic, it suﬃces to prove that any compact element c ∈ L is a join of supercompact
elements. By F -distributivity of L and compactness of c, there is a minimal ﬁnite set F with c =∨ F and a  c for each
a ∈ F . For any such a and any set B ⊆ L with a ∨ B , we have c ∨ B ∨∨(F \ {a}); thus, we ﬁnd a ﬁnite subset E of B
such that c 
∨
(E ∪ (F \ {a})), and as a  c but a b for b ∈ F \ {a} by minimality of F , there must be some b ∈ E ⊆ B with
a b. Hence, a is in fact supercompact.
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which says that each element of an algebraic lattice is a meet of completely meet-irreducibles. In a coframe L these are
completely meet-prime, so L is superalgebraic.
As is known, the Principle of Dependent Choices suﬃces to ensure that supercontinuous lattices L are spatial frames. For
spatiality of continuous frames, one additionally needs the Prime Ideal Theorem (see, e.g., Johnstone [35]). 
There are continuous coframes that fail to be supercontinuous (see Section 5)!
We call a complete lattice L ﬁlter distributive (grill distributive, ultraﬁlter distributive) if the distributive law (D) holds for
every ﬁlter (grill, ultraﬁlter, respectively) Y on L. By deﬁnition, a grill is complementary to an ideal of a power set. While
superalgebraicity, supercontinuity and ultraﬁlter distributivity are self-dual properties, hyperalgebraicity, hypercontinuity,
ﬁlter distributivity and grill distributivity are not. To the characterizations of hypercontinuous lattices given in [24–27], we
add here three other ones in terms of iniﬁnitary distributive laws (cf. [8]).
Theorem 1. * For a complete lattice L, the following are equivalent:
(a) L is hypercontinuous.
(b) The dual of L is ﬁlter distributive.
(c) L is grill distributive.
(d) L is (meet-)continuous and ultraﬁlter distributive.
Proof. (a) ⇒ (b). If Y is a ﬁlter then {↑Y : Y ∈ Y} is a ﬁlter base. Hence, it suﬃces to consider a ﬁlter base Y of upsets in
L. Put y =∧⋂Y . For any x ∈ ⇓υ y, there is a ﬁnite F with ⋂Y ⊆ ↑y ⊆ L \ ↓F ⊆ ↑x. Since Y is a ﬁlter base, we ﬁnd a
Y ∈ Y disjoint from F , and as Y is an upset, we get Y ⊆ L \ ↓F ⊆ ↑x, whence x∧ Y . Now, it follows that ∧⋂Y = y =∨⇓υ y ∨{∧ Y : Y ∈ Y}, and the reverse inequality is clear.
(b) ⇒ (a). For the υ-neighborhood ﬁlter Uy we get
y =
∧
↑y =
∧⋂
{↑U : U ∈ Uy} =
∨{∧
U : U ∈ Uy
}
=
∨
⇓υ y.
For (b) ⇔ (c), use the fact that an upset Y in a power set is a ﬁlter iff Y# is a grill, and that Y## = Y .
(a) ⇒ (d) follows from Lemma 1(3) and the proven implication (a) ⇒ (b).
(d) ⇒ (a). If L is ultraﬁlter distributive then ιL is T2 [25, III-3.31]; thus, being meet-continuous, L is continuous by
[25, III-2.11] and hypercontinuous by [25, VII-3.4] (see also Gierz and Lawson [26]). 
We continue our study with a list of equivalent characterizations of linked bicontinuous lattices. By deﬁnition, bicontin-
uous lattices are complete, continuous and cocontinuous (i.e., dually continuous); they are linked if their Lawson topology
coincides with that of the dual lattice (cf. [25, Chs. VI and VII]). Bialgebraic and linked bialgebraic lattices etc. are deﬁned
analogously.
Proposition 1. * For a complete lattice L, the following are equivalent:
(a) L is hypercontinuous and hypercocontinuous.
(b) L is continuous and ﬁlter distributive.
(c) L is meet-continuous and ﬁlter distributive.
(d) L is join- and meet-continuous and ultraﬁlter distributive.
(e) L is linked bicontinuous.
Similarly, the following conditions are equivalent:
(a′) L is hyperalgebraic and hypercoalgebraic.
(b′) L is algebraic and hypercoalgebraic.
(c′) L is meet-continuous and hypercoalgebraic.
(d′) L is join- and meet-continuous with 0-dimensional interval topology.
(e′) L is linked bialgebraic.
Proof. The implications (a) ⇒ (b) ⇒ (c) ⇒ (d) are clear by Theorem 1.
(d) ⇒ (e). By ultraﬁlter distributivity, ιL is T2, and by [25, VII-2.9] it follows that L is linked bicontinuous; indeed,
λL = ιL = λ˜L by compactness.
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Obviously (a′) implies (b′), which in turn implies (c′). For (c′) ⇒ (d′) ⇒ (e′) use (d) ⇒ (e), the Fundamental Theorem for
Compact Totally Disconnected Semilattices [25, VI-3.13] and its dual.
(e′) ⇒ (a′) follows from (e) ⇒ (a), Lemma 1(4) and its dual. 
Supercontinuity and superalgebraicity may be generalized to non-complete posets as follows [11,12]. Call a poset P
(principally) separated if
for all x y in P , there are p,q ∈ P with p  y, x q and ↑p ∪ ↓q = P ,
and (principally) totally separated if
for all x y in P , there are p,q ∈ P with p  y, x q and ↑p = P \ ↓q.
As shown in [11], a poset is principally separated iff its normal completion (i.e., its Dedekind–MacNeille completion by
cuts) is supercontinuous, and P is principally totally separated iff its normal completion is superalgebraic. Some of the
subsequently listed equivalences are known (see, e.g., [8,24,42]).
Corollary 1. For any complete lattice L, the following conditions and their duals are all equivalent:
(a) L is principally separated.
(b) L is supercontinuous.
(c) L is a ﬁlter distributive frame.
(d) L is a grill distributive coframe.
(e) L is a continuous wide coframe.
(f) L is a hypercontinuous coframe.
* These statements are also equivalent to:
(g) L is completely distributive.
(h) L is a continuous spatial coframe.
(i) L is bicontinuous and distributive.
Similarly, the following conditions and their duals are all equivalent:
(a′) L is principally totally separated.
(b′) L is superalgebraic.
(c′) L is algebraic and supercontinuous.
(d′) L is an algebraic spatial coframe.
(e′) L is an algebraic wide coframe.
(f′) L is a hyperalgebraic coframe.
* These statements are also equivalent to:
(g′) L is bialgebraic and distributive.
(h′) L is an algebraic coframe.
(i′) L is join- and meet-continuous, weakly atomic and distributive.
Proof. The self-duality of (a) is clear. The equivalences (a) ⇔ (b) and (b) ⇔ (g) (under AC) are easily veriﬁed. The implication
(b) ⇒ (c) is also obvious.
For (c) ⇒ (b), consider an arbitrary system Y of downsets and the ﬁlter base B = {⋂F : F ⊆ Y, F ﬁnite}. First, by
iterated application of the frame law, compute
∧{∨ Y : Y ∈ F} =∨⋂F for ﬁnite F ⊆ Y , and then ﬁlter distributivity
yields
∧{∨ Y : Y ∈ Y} =∧{∨ B: B ∈ B} =∨⋂B =∨⋂Y .
(b) is equivalent to (e) by Lemma 1(5), and to (d) and (f) by Theorem 1, the self-duality of (b) and the proven equivalence
(b) ⇔ (c).
(h) implies (e) because spatial coframes are wide coframes, (b) implies (i) because supercontinuity is self-dual, and
(i) ⇒ (h) holds by the dual of Lemma 1(7).
The equivalence of (a′)–(h′) is obtained similarly, using Lemma 1 again. For (a′) ⇔ (i′), see [9]. 
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Let us begin with a few remarks concerning closure structures more general than topological spaces. A closure system C
is closed under arbitrary intersections.
Y =
⋂
{A ∈ C : Y ⊆ A}
(
Y ⊆ X =
⋃
C =
⋂
∅
)
is the closure of Y , and the pair (X,C) is a closure space. Often (e.g., in topological contexts) the space is denoted simply
by X . Closed and open sets, neighborhoods etc. are deﬁned as in the topological setting. If a closure system, regarded as a
complete lattice, is a frame, we speak of a closure frame. Although the frame property entails distributivity, it does not force
the space to be topological.
Every closure space carries a natural preorder, called the specialization order:
x y ⇔ x ∈ {y} =
⋂
{A ∈ C : y ∈ A} ⇔ {x} ⊆ {y}.
Given a preordered set P = (X,), the largest closure system having the prescribed specialization order  is the Alexan-
droff completion AP = α P˜ . The associated closure operator maps each Y ⊆ X to the downset ↓Y . At the other extreme,
the least closure system with a given specialization order is the normal completion or Dedekind–MacNeille completion N P ,
consisting of all cuts, i.e., ﬁxpoints of the cut operator 	 with 	Y = Y ↑↓ , where Y ↑ denotes set of all upper bounds and Y↓
that of all lower bounds of the subset Y .
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antisymmetric, hence a partial order. In the sequel, all order-theoretical statements and notions, including the upset and
downset operators, refer to the specialization order, unless another order relation is mentioned explicitly. Thus, for example,
we have:
Lemma 2. In a closure space (X,C), with respect to the specialization order, the principal ideals are the point closures ↓y = {y} =⋂{A ∈ C : y ∈ A}, and the principal dual ideals are the cores ↑ x =⋂{U : x ∈ U , X \ U ∈ C}. More generally, ↑Y is the saturation,
the intersection of all neighborhoods of Y . Every closed set is a downset and every open set is an upset.
The next result, characterizing closure frames by means of their closure operators, was established (with different nota-
tion) in [7] (see also [21,22]).
Theorem 2. For a closure space (X,C) the following are equivalent:
(a) The closure system C is a frame.
(b) The closure operator preserves ﬁnite intersections of downsets.
(c) For each x ∈ X and Y ⊆ X, the set ↓x∩ Y is equal to ↓x∩ ↓Y .
(d) For each Y ⊆ X, x ∈ Y implies x ∈ ↓x∩ ↓Y .
Sometimes, one needs a strengthening, working with “preclosure operators”:
Proposition 2. Let Φ be an inclusion preserving map on the power set P X. If C is the closure system {Y ⊆ X : Φ(Y ) ⊆ Y } associated
with Φ then the conditions in Theorem 2 are equivalent to:
(e) For each Y ⊆ X, x ∈ Φ(Y ) implies x ∈ ↓x∩ ↓Y .
Proof. Clearly (d) implies (e). For (e) ⇒ (c), consider the set M of all inclusion preserving maps Ψ on P X satisfying
Φ(Y ) ∪ Y ⊆ Ψ (Y ) ⊆ Y and ↓x∩Ψ (Y ) ⊆ ↓x∩ ↓Y for all x ∈ X, Y ⊆ X .
It is straightforward to check that M has a greatest member, which must be equal to the closure operator of C (cf. [7]).
Thus, ↓x∩ Y ⊆ ↓x∩ ↓Y ⊆ ↓x∩ Y . 
If X is a meet-semilattice with respect to the specialization order then
↓(x∧ Y ) = ↓x∩ Y and ↓(x∧ Y ) = ↓x∩ ↓Y .
Corollary 2. If a closure space is a meet-semilattice with respect to the specialization order then the conditions in Theorem 2 are also
equivalent to:
(f) The unary meet operations ∧x : y → x∧ y are continuous.
However, it does not follow that the binary meet operation ∧ : X2 → X has to be continuous: any complete Boolean
lattice is meet-continuous, whence its Scott topology is a coframe; but the binary meet need not be continuous, as the
example of the regular open subsets of the reals shows (see [19]). Theorem 2, Proposition 2 and Corollary 2 generalize
known characterizations of meet-continuous posets and semilattices (see [25, II-4.17] and [39]). For further research on
closure frames, see [7,15,21,22].
3. Web spaces and local connectedness
We formulate the subsequent deﬁnitions and results for topological spaces but remark that all considerations extend,
mutatis mutandis, to arbitrary closure spaces. Our ﬁrst purpose is a description of closure frames by means of neighborhoods.
A solution is given in terms of so-called webs. By a web for a point x in a space X , we mean a subset W containing x and
for each y ∈ W a common lower bound of x and y in W . In other words, for y in W , the point closures ↓x and ↓y meet
inside W . Neighborhoods W of that type (whose “center” x is linked with any point in W via a common lower bound
in W ) will be referred to as web neighborhoods.
Clearly, unions of webs for one point are again webs. The greatest web for a point x is its web component ↑↓x, consisting
of all points whose closure meets the closure of x. Similarly, if a point has at least one web neighborhood, then it has
a greatest one. By relativization, one sees that in any open set (or upset) U , the web component of x ∈ U is ↑(U ∩ ↓x).
Though web components are neither open nor disjoint in general (cf. the irreducible components of a space [44]), we have
the following analogue to the situation of locally (path-)connected neighborhoods:
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neighborhood of its points.
Proof. If the web component of a point is open then it is a web neighborhood. Conversely, assume that each point has an
open web neighborhood. For any y in the web component W of x, there is a z ∈ W with z  x and z  y. Let V be an
open web neighborhood of z. Then V contains x and y, being an upset. Moreover, V is a subset of W since V is a web
neighborhood of x: indeed, for each v ∈ V there is a w ∈ V such that w  v and w  z, a fortiori w  x. Thus, y ∈ V ⊆ W ,
and W is open. 
A space in which every point has a base of web neighborhoods is referred to as a web space or F -space. The chosen
terminology is motivated by:
Theorem 3. For a space X, the following conditions are equivalent:
(a) X is a web space.
(b) X is closure meet-continuous, i.e., the closed sets form a frame.
(c) The lattice of open sets is a coframe.
(d) The web components of each open subspace are open.
(e) Each point has a base of open web neighborhoods.
Proof. (a) ⇒ (b). Let X be a web space, Y a subset of X , and W any web neighborhood of some x ∈ Y . Then we may choose
a y ∈ W ∩ Y . Thus, there is a z ∈ W ∩↓x∩↓y, whence the intersection W ∩↓x∩↓Y is nonvoid. It follows that x ∈ ↓x∩ ↓Y ,
and Theorem 2 applies to show that the closed sets form a frame.
(b) ⇒ (c) is clear by passage to the dual lattice via complementation.
(c) ⇒ (d). Consider the web component W = ↑ (U ∩ ↓x) of a point x in an open subspace U , and put Y = X \ W . From
↑(U ∩ ↓x) ∩ Y = ∅ it follows that U ∩ ↓x ∩ ↓Y = ∅, and as U is open, Theorem 2 yields U ∩ ↓x ∩ Y = U ∩ ↓x∩ ↓Y = ∅, i.e.,
↑(U ∩ ↓x)∩ Y = ∅ (since Y is a downset). Thus, Y = Y , which means that W is open, as desired.
(d) ⇒ (e) ⇒ (a) is obvious. 
Corollary 3. The category of sober web spaces is dual to the category of spatial frames that are also coframes.
We see that in the deﬁnition of web spaces, it does not matter whether the web neighborhoods are required to be open
or not. From Theorem 3 and Corollary 2, we now conclude that web spaces provide a natural generalization of semitopo-
logical semilattices (with compatible topologies):
Proposition 3. A space is a semitopological meet-semilattice (with respect to the specialization order) iff its lattice of closed sets is a
frame in which the space is embedded as a meet-semilattice via x → ↓x= {x}.
It is obvious that the only T1 web spaces are the discrete ones: the T1 axiom means that ↓x = {x} for all x. In order to
clarify the position of web spaces, call a space locally graph-connected if each point has a base of neighborhoods that are
connected in the specialization order. Then, we have the following hierarchy:
web space ⇒ locally graph-connected ⇒ locally path-connected ⇒ locally connected.
4. Wide web spaces and strong local connectedness
Any join-semilattice in which every element is a join of coprimes is F -distributive, and every F -distributive join-
semilattice is distributive in the usual sense (see, e.g., [28, II.5]). Moreover, as a special instance of general results about
so-called Z-distributivity established in [11] and [14], we have the following characterizations of F -distributivity in the
complete case:
Proposition 4. The F -distributive complete lattices are exactly the wide coframes and the images of spatial coframes under complete
homomorphisms.
While all complete Boolean lattices are frames and coframes, only the atomistic (= spatial) ones, i.e., the copies of power
sets, are wide (co)frames, by an old theorem due to Tarski [45]. A short argument yields the following stronger result: in a
∨-semicomplemented poset (having a least element 0 and a greatest element 1 such that for each b > 0 there is a c < 1 with
b∨ c = 1), each a with 0< a  1 must be an atom: indeed, assuming 0< b < a and choosing a c < 1 as before, a  1= b∨ c
leads to the contradiction b < a c = 1. Thus, any F -distributive ∨-semicomplemented lattice is an atomistic Boolean lattice, and
conversely.
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quasitopology, witnessing the non-invertibility of the ﬁrst implication below:
spatial (co)frame ⇒ wide (co)frame ⇒ (co)frame.
In order to give a neighborhood characterization of those spaces whose lattice of open sets is a wide coframe, we note:
Lemma 4. In a topology, V  U means that every ﬁnite subset of V has a lower bound in U .
Proof. Assume V  U , i.e., for any open W1, . . . ,Wn with U ⊆ W1 ∪ · · · ∪ Wn there is a Wi containing V . Applying this to
open sets of the form Wi = X \ ↓xi , one concludes by contraposition that if xi ∈ V for all i  n then there is an x ∈ U with
x xi for all i. Conversely, if the latter holds then, given open sets W1, . . . ,Wn with V Wi for all i  n, choose xi ∈ V \Wi
and an x ∈ U with x xi for all i  n to obtain U W1 ∪ · · · ∪ Wn . 
In accordance with Lemma 4, we call a topological space a wide web space or an E-space if each neighborhood U of any
point contains a neighborhood V such that every ﬁnite subset of V has a lower bound in U . As in the case of web spaces,
it does not matter if the neighborhoods are required to be open or not. Now, Lemma 4 in combination with Proposition 4
leads to:
Theorem 4. A topological space is a wide web space iff its topology is a wide coframe, or equivalently, the lattice of closed sets is the
image of a topology under a complete lattice homomorphism.
Let us compare the wide web property with some stronger local connectedness properties. A subset of a space is strongly
connected [38] or ultraconnected [44] if it is nonempty and not the union of two relatively open proper subsets. The strongly
connected sets are exactly those which are down-directed by the specialization order, and the strongly connected open sets
are the coprime open sets. We call a space locally strongly connected if each point has a base of strongly connected (but not
necessarily open) neighborhoods. This implies that we have a wide web space. Despite the very similar names, there is a
signiﬁcant difference between locally strongly connected spaces and so-called strongly locally connected spaces in the sense of
Levine [38]: these are spaces having a base of strongly connected (open) sets. As shown in [18], the class of strongly locally
connected spaces is properly contained in that of locally strongly connected spaces.
By the order-theoretical description of strongly connected sets, one may characterize strongly locally connected spaces
by the existence of a base of open ﬁlters (in the order-theoretical sense); such spaces play a central role in domain theory
(see [25] and [17]). Furthermore, they are nothing but those spaces which “admit a dual” (see Hoffmann [30], Hofmann
and Lawson [31]), meaning that their topology is dually lattice-isomorphic to another topology. We prefer the name D-spaces
for such spaces, avoiding confusion between the two local notions of strong connectivity, alluding to the duality property
and pointing to the bases consisting of down-directed open sets. While (wide) web spaces are characterized by the (wide)
coframe property of their topologies, the D-spaces are precisely those spaces whose topologies are spatial coframes. We
know from Proposition 3 that any ∧-semilattice with a coframe topology inducing the semilattice order is semitopologi-
cal; i.e., the unary meet operations are continuous. But when is it a topological semilattice, i.e., when is the binary meet
continuous?—a crucial question in the theory of topological semilattices (cf. [24,25]). We have a positive answer for wide
web spaces.
Corollary 4. Consider the subsequent statements on a topological space X that is a meet-semilattice with respect to the specialization
order:
(a) X has a base of open subsemilattices.
(b) X is strongly locally connected.
(c) X is a D-space (i.e., the topology is a spatial coframe).
(a′) Each point has a base of subsemilattice neighborhoods.
(b′) X is locally strongly connected.
(c′) X is a wide web space (i.e., the topology is a wide coframe).
The following equivalences and implications hold:
(a) ⇔ (b) ⇔ (c), (a′) ⇔ (b′) ⇔ (c′), (a) ⇒ (a′), (b) ⇒ (b′), (c) ⇒ (c′).
Each of these conditions implies that X is a topological meet-semilattice.
Proof. The implications (x) ⇒ (x′) for x = a,b, c are clear, and the implications (a) ⇒ (b) ⇒ (c) ⇒ (a) and (a′) ⇒ (b′) ⇒ (c′)
are straightforward.
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lattice neighborhood of x with V ⊆ W ⊆ U , by Lemma 4. Finally, (a′) implies that the binary meet is continuous: if x ∧ y
lies in the open set U and V ⊆ U is a subsemilattice neighborhood of x ∧ y then ↑V is a neighborhood of x and y with
↑V ∧ ↑V ⊆ ↑V ⊆ U . The equivalence (b) ⇔ (c) and the implication (b′) ⇒ (c′) hold without the semilattice hypothesis, but
it remains open whether the converse implication (c′) ⇒ (b′) is always true. 
One consequence of Corollary 4 is the fact that every continuous semilattice (in the sense of [24]) is a topological
semilattice with the Scott topology.
5. Worldwide web spaces and local supercompactness
None of the topological (local) compactness properties discussed in the sequel includes any separation axiom. We say a
space is compactly based if it has a base of compact open sets (a crucial tool in Stone duality and spectral representation
theory; cf. [13,28,35]), while a space is locally compact if each point has a base of compact (not necessarily open) neighbor-
hoods. In accordance with the corresponding lattice-theoretical notion, we call a subset C of a space supercompact if any
cover by open subsets has a member that contains C (such subspaces are also called singly generated or monogenerated:
cf. [32]; in other contexts, the term “supercompact” has a different, weaker meaning: cf. [25, VII-2.16]). Note that our su-
percompactness concept is the synthesis of compactness and strong connectedness. In analogy to the above deﬁnitions, a
supercompactly based space has a base of supercompact open sets, while in a locally supercompact space every point has a
neighborhood base consisting of supercompact (not necessarily open) subsets.
The previously introduced strong local compactness properties may conveniently be characterized by means of cores (cf.
Lemma 2). The following three classes of spaces have been studied systematically in [10,16,22]:
A-spaces = Alexandroff spaces [1] = spaces with all cores being open
B-spaces = monotope spaces [32] = spaces with bases of open cores
C-spaces = topol. core spaces [10] = spaces with core neighborhood bases
Since the cores are just the supercompact upsets, the B-spaces are exactly the supercompactly based spaces, and the C-spaces
are exactly the locally supercompact spaces. Though seemingly rather close to A-spaces, the B-spaces form a much larger class
than the A-spaces: whereas subspaces of A-spaces are always A-spaces, every space is a dense subspace of some B-space
[16]. C-spaces in turn are considerably more general than B-spaces: in a C-space, every point has a base of neighborhoods
that are cores (perhaps of other points and not necessarily open).
In terms of the specialization order, the locally supercompact spaces are obtained just by dropping the ﬁniteness restric-
tion in the deﬁnition of wide web spaces, so worldwide web spaces would be another nice name for them. While a space
is locally supercompact iff each neighborhood U contains a neighborhood V having a lower bound in V , a space is super-
compactly based if each neighborhood U contains an open neighborhood V having a lower bound in V (and here a lower
bound in U would not suﬃce).
Since the open cores are the supercompact open sets, the B-spaces are exactly those with a superalgebraic topology (see
[10,13,22,32]). Similarly, the C-spaces are exactly those with a supercontinuous topology (see [6,10,22]). Hence, from Lemma 1(5)
and (6) we immediately derive:
Theorem 5. A space X with topology T is a
B-space (supercompactly based) iff T is an algebraic wide coframe,
C-space (locally supercompact) iff T is a continuous wide coframe.
Compare these equivalences with our earlier results that X is a
D-space (strongly locally connected) iff T is a spatial coframe,
E-space (wide web space) iff T is a wide coframe,
F -space (web space) iff T is a coframe.
In view of these characterizations, all ﬁve properties are lattice-invariant, in contrast to local compactness, which is not. The
known counterexamples are diﬃcult and based on AC (see [25, V-5.25]). However, locally compact spaces have continuous
lattices of open sets, and for sober spaces, the converse holds, too (see [25, V-5.6]). On account of these remarks, we obtain
the following hierarchy of spaces:
A-space ⇒ B-space ⇒ C-space ∗⇒ D-space ⇒ E-space ⇒ F -space.
The reverse implications are disproved in [18] by examples with the upper topology. While the B-spaces are those with a
topology isomorphic to the topology of an A-space (the relative topology on the subspace of all points with open cores), the
C-spaces are those whose topology is a complete homomorphic image of the topology of an A-space. In fact, any supercon-
tinuous lattice L is the image of the Alexandroff topology AL under the complete homomorphism sending A to ∨ A.
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(1) X is a B-space iff it is a compactly based wide web space.
(2) X is a C-space iff it is a locally compact wide web space.
* AC allows to omit the word “wide” in (1), but not in (2).
Indeed, if X is a compactly based web space then its topology T is an algebraic coframe by Theorem 3, hence super-
algebraic by Lemma 1(7), and Theorem 5 applies. In view of these equivalences, one might wonder whether every locally
compact (sober) web space is already locally supercompact. The answer is in the negative, but the known counterexamples
are complicated. In [25, VI-4], one ﬁnds two examples of unital compact Hausdorff topological semilattices S that fail to be
continuous lattices, whence their Scott topology σ S cannot be supercontinuous (see [6]) but is a continuous coframe by [25,
VII-4.4]. The Scott space Σ S is then sober by [25, II-4.16], locally compact by [25, V-5.6] and a web space, by Theorem 3.
But Σ S cannot be locally supercompact, since σ S is not supercontinuous.
By a discovery of Papert [40], spatial (co)frames and consequently the topologies of D-spaces may be described by
certain inﬁnitary distributive laws (choice assumed; cf. [14]). Thus, each of the following classes of locally connected spaces
is characterized by distributive laws of the form (D) for certain families of open sets:
C-spaces = locally supercompact spaces = worldwide web spaces
D-spaces = strongly locally connected spaces
E-spaces = wide web spaces
F -spaces = web spaces
From results in [10], Theorem 4 and Corollary 4, we infer the following categorical dualities (using the term “superatomic
lattice” for a superalgebraic and strongly atomic lattice [5], and “dcpo” for a poset in which all directed subsets have joins):
Proposition 5. * The duality between sober spaces and spatial frames induces dualities between
– sober A-spaces (resp. noetherian posets) and superatomic lattices,
– sober B-spaces (resp. algebraic dcpos) and superalgebraic lattices,
– sober C-spaces (resp. continuous dcpos) and supercontinuous lattices,
– sober D-spaces and spatial frames that are also spatial coframes,
– sober E-spaces and spatial frames that are also wide coframes.
Choice may be avoided by replacing “supercontinuous lattices” with “supercontinuous spatial frames”. These dualities
transfer the decompositions of locally connected spaces into open components to factorizations of the corresponding kinds
of lattices into indecomposable factors. This gives, by means of a topological duality, the following result:
Lemma 5. * Every supercontinuous (superalgebraic, superatomic. . . ) lattice has a unique product representation by product-
indecomposable supercontinuous (superalgebraic, superatomic. . . ) factors.
6. κ-distributivity and κ-web spaces
Several results about the three kinds of web spaces admit a common generalization. Let κ be any cardinal number or the
symbol ∞, and let Pκ X denote the collection of all κ-small subsets of X ; these are the subsets Y of X having a cardinality
strictly smaller than κ , written Y ⊂κ X , with the convention Y ⊂∞ X ⇔ Y ⊆ X . Thus, P∞X is the whole power set P X ,
while “ω-small” means “ﬁnite”. A poset P is said to be κ-(join-)complete if each Y ⊂κ P has a join in P ; the dual notion
is κ-meet-complete or κ-meet-semilattice. A subset D of a preordered set is κ-directed (resp. κ-ﬁltered) if every κ-small
subset of D has an upper (resp. lower) bound in D . Clearly, κ-meet-subsemilattices are κ-ﬁltered. A κ-ideal is a κ-directed
downset, and a κ-ﬁlter a κ-ﬁltered upset. A κ-complete poset P is called κ-distributive if each b ∈ P is the join of the
downset ⇓κb =⋂{↓Y : Y ⊂κ P , b ∨ Y }. It follows from the general theory of Z-distributive posets and lattices (see
[3,11,14]) that a complete lattice L is κ-distributive iff the distributive law (D) holds for all Y ⊆ Pκ L. Similarly, we call L
ﬁxed κ-distributive if (D) is fulﬁlled at least for all Y ⊆ Pκ L with ⋂Y = ∅. One easily veriﬁes that the
• coframes are the ﬁxed 3-distributive complete lattices,
• wide coframes are the ω-distributive complete lattices,
• supercontinuous lattices are the ∞-distributive lattices.
Expressed by a separation property, a κ-complete poset is κ-distributive iff for any two elements b a in P , there is a c ∈ P
such that c  a but c ∈ ↓Y whenever Y ⊂κ P and b∨ Y . Now, an induction proof yields:
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complete lattices are equivalent.
The same argument as after Proposition 4 shows that the 3-distributive ∨-semicomplemented lattices are precisely the atom-
istic Boolean algebras, and consequently, any 3-distributive ∨-semicomplemented complete lattice is already isomorphic to a power
set, hence supercontinuous = ∞-distributive.
In analogy to the notion of wide web spaces, we deﬁne a κ-web space to be a topological space X such that for each
point x ∈ X and each neighborhood U of x, there is a neighborhood V of x with A↓ ∩ U = ∅ whenever x ∈ A and A ∈ Pκ V ,
where A↓ is the set of all lower bounds of A. For κ < 3, all posets with least element are κ-distributive and all spaces are
κ-web spaces. The
• 3-web spaces are the web spaces,
• ω-web spaces are the wide web spaces,
• ∞-web spaces are the worldwide web spaces,
and induction shows that every 4-web space is a ν-web space for all ν < ω. But it remains open whether all 4-web spaces
are already ω-web spaces, and whether all 3-distributive lattices are ω-distributive (= F -distributive).
Theorem 6. * (1) A topological space is a κ-web space if and only if its lattice of open sets is ﬁxed κ-distributive (hence κ-distributive
in case κ > 3).
(2) Consider the following conditions on a space X :
(a) Each point of X has a neighborhood base of κ-ﬁlters.
(b) X is a κ-web space.
(c) The interior operator preserves joins (= unions) of κ-small families of upsets.
(d) The closure operator preserves meets (= intersections) of κ-small families of downsets.
In general, (a) ⇒ (b) ⇒ (c) ⇔ (d). If
(e) every upset U is a union of less than κ many κ-ﬁlters,
then all four statements (a)–(d) are equivalent. In particular, this holds if κ = ∞, or if κ is regular (i.e., Y ⊂κ Pκ Z entails⋃Y ⊂κ Z )
and X has no inﬁnite antichains (subsets of points with pairwise incomparable closures).
Proof. (1) is shown by similar arguments as in the case κ = ω (generalizing Lemma 4 from ω to κ ).
(2) The implication (a) ⇒ (b) and the equivalence (c) ⇔ (d) are obvious.
(b) ⇒ (c). By Theorems 2 and 3, we may assume κ > 3. Given a family of upsets Ui , i ∈ I , with |I| < κ , let U be the
union
⋃{Ui: i ∈ I}. For x ∈ U ◦ , there is a neighborhood V such that A↓ ∩ U = ∅ for all A ⊂κ V . Under the assumption that
x is not an inner point of any Ui , AC yields a family (vi: i ∈ I) ∈∏i∈I (V \ Ui). Pick u ∈ U with u  vi for all i ∈ I . But then
vi /∈ Ui entails u /∈⋃{Ui: i ∈ I} = U , a contradiction.
Now, assume that (c) holds and every upset U is a union of κ-ﬁlters Ui , i ∈ I , |I| < κ . Then U ◦ = (⋃{Ui: i ∈ I})◦ =⋃{U ◦i : i ∈ I}, proving (a).
It remains to show that for regular cardinals κ , every poset P with no inﬁnite antichains satisﬁes (e). Use AC in order to
ﬁnd a noetherian subposet V of U with U = ↑V (cf. [23, Ch. 2-5.1]). Since V has no inﬁnite antichains, Higman’s Theorem
[29] ensures that any nonempty subset of the upset frame αV has a minimal member. By a minimality argument and
regularity of κ , V is a union of κ-join-irreducible elements Ui of αV (i ∈ I , |I| < κ ), and these are easily seen to be κ-ﬁlters
in V . Prolonging them to κ-ﬁlters in P yields the desired union representation U =⋃{↑Ui: i ∈ I}. 
By the last part of (2) for κ = ω, every web space with no inﬁnite antichains is locally strongly connected, hence a wide web
space (cf. Section 4).
Next, we show that in the presence of enough meets, the κ-web space property is closely tied to continuity of the meet
operations of arity |I| < κ :
∧
I
: X I → X, (xi: i ∈ I) →
∧
{xi: i ∈ I}.
However, the usual product topology on X I is too coarse in order to make inﬁnitary meet operations continuous: indeed,
if the specialization poset of a space X has an inﬁnitary meet operation
∧
I : X I → X that is continuous with respect to
the product topology, then X must be a singleton (since in that situation every open set is not only an upset but also a
downset).
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∏
i∈I Ui
with Ui open in X for all i ∈ I (but no further restriction). It is easy to see that with respect to the box topology, the closure
of any product
∏
i∈I Ai in X I is just the product of the closures Ai in the factors. Now, we are in a position to prove
Proposition 6. * Let X be a space that is a κ-meet-semilattice with respect to the specialization order, and consider the following
statements:
(a) Each point of X has a neighborhood base of κ-meet-subsemilattices.
(b) X is a κ-web space.
(c) Meet operations of κ-small arity are continuous for the box topology.
(d) The closure operator preserves meets of κ-small families of downsets.
The implications (a) ⇔ (b) ⇒ (c) ⇒ (d) are always true, and if κ = ∞ or if κ is regular and X has no inﬁnite antichains, then (a)–(d)
are equivalent.
Proof. (a) ⇒ (b) is clear.
(b) ⇒ (a). Let U be open; for x ∈ U , choose a neighborhood V such that {∧ A: A ⊂κ V } ⊆ U and a neighborhood W such
that {∧ B: B ⊂κ W } ⊆ V (this is possible since X is a κ-web space). Let κ be the smallest regular cardinal  κ (clearly,
κ = κ if κ is regular, and κ is the cardinal successor of κ if not; AC is needed in that case). The set N = {∧C : C ⊂κ W } is
a neighborhood of x containing W and, by regularity of κ , it is κ-meet closed, a fortiori κ-meet closed. We claim that N is
contained in U . If κ is regular then N ⊆ V ⊆ U . Otherwise, for each C ⊂κ W , we either have C ⊂κ W and so ∧C ∈ V ⊆ U ,
or |C | = κ . In that case, by irregularity of κ , we ﬁnd a Y ⊂κ PκC ⊆ PκW with C =⋃Y , hence ∧C =∧{∧ Y : Y ∈ Y}, and
A = {∧ Y : Y ∈ Y} ⊂κ V entails ∧C =∧ A ∈ U , as desired.
(a) ⇒ (c). Let I be a set of cardinality < κ , and let U be an open neighborhood of x = ∧I y in X for some y =
(yi: i ∈ I) ∈ X I . Choose a κ-meet closed neighborhood V = ↑V of x with V ⊆ U . Then y ∈ V I , since x yi and x ∈ V = ↑V .
For v ∈ V I , we get {vi: i ∈ I} ⊂κ V , hence ∧I v = ∧{vi: i ∈ I} ∈ V ⊆ U , proving continuity of the meet operation∧ : X I → X with respect to the box topology.
(c) ⇒ (d). Let (Yi: i ∈ I) be a family of downsets in X with |I| < κ . Then each of the closed sets Yi is a downset, too,
and we compute:
⋂
{Yi: i ∈ I} =
{∧
I
y: y ∈
∏
i∈I
Y i
}
=
{∧
I
y: y ∈
∏
i∈I
Y i
}
⊆
{∧
I
y: y ∈
∏
i∈I
Y i
}
=
⋂
{Yi: i ∈ I} ⊆
⋂
{Yi: i ∈ I}.
The last statement in Proposition 6 follows from Theorem 6(2). 
Since a lattice L is continuous iff its Scott space Σ L is an ∞-web space, i.e., σ L is supercontinuous, we conclude that
“continuous lattices” deserve their name:
Corollary 6. * A complete lattice is continuous iff its meet operations of arbitrary arity are continuous with respect to the box power of
the Scott topology.
7. κ-hypercompactness in lattices and spaces
We turn now to an interesting strengthening of the classical notion of compactness, including that of supercompactness
as an extremal case. As in the previous section, κ stands for a cardinal number or the symbol ∞. Let P be a poset and T a
subset of P ; in concrete applications, P will be a power set P X and T a topology on X (cf. [17]). For a,b ∈ P , put
a ≺Tκ b iff there is a Y ⊂κ T \ ↑b with T \ ↑ a ⊆ ↓Y .
It is not hard to check (using AC in case κ > ω) that a ≺Tκ b implies a Tκ b, symbolizing that a belongs to every downset
of P generated by a κ-ideal D of T with b 
∨
D . Elements c satisfying c ≺Tκ c (that is, T \ ↑c = T ∩ ↓Y for some Y ⊂κ T )
are said to be κ-hypercompact with respect to T . Any κ-hypercompact c is κ-compact, i.e., c Tκ c, but not conversely. Note
that “2-hypercompact” means “supercompact or least element”, while the ω-hypercompact elements are the hypercompact
elements in the sense of [20].
What are the topological interpretations of these notions? For (κ-)compactness, they are the “classical” ones. By deﬁ-
nition, a subset C of a topological space X is hypercompact (resp. κ-hypercompact) with respect to the given topology T
iff there is a ﬁnite (resp. κ-small) collection Y ⊆ T such that the open sets not containing C are exactly those which are
contained in some member of Y . A subset of X is supercompact iff it is nonempty and 2-hypercompact. Surprisingly, the
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they depend on the specialization order only:
Lemma 7. * For a topology T on X and A, B ⊆ X,
A ≺Tκ B iff there is an F ⊂κ B with A ⊆ ↑F .
Thus, a subset C of X is κ-hypercompact with respect to T iff ↑C is generated by a κ-small set. In particular, C is hypercompact (resp.
supercompact) iff the upset ↑C is generated by a ﬁnite set (resp. by a singleton).
Proof. Suppose ﬁrst that A ⊆ ↑F for some F ⊂κ B . Then the collection Y = {X \ ↓y: y ∈ F } satisﬁes Y ⊂κ T , and F ⊆ B
entails B  Y for all Y ∈ Y , while for U ∈ T \ ↓T Y , one obtains A ⊆ ↑F ⊆ U . Thus A ≺Tκ B . Conversely, assume A ≺Tκ B
and take a system Y ⊂κ T such that B  Y for all Y ∈ Y , and A ⊆ U whenever U is open but not contained in any Y ∈ Y .
Pick a family of elements xY ∈ B \ Y (using choice in case κ > ω) and put F = {xY : Y ∈ Y}. Then F ⊂κ B and A ⊆ ↑F , since
x ∈ A implies xY  x for some Y ∈ Y (otherwise, by deﬁnition of the specialization order, for each Y ∈ Y there would exist
an open UY with xY ∈ UY but x /∈ UY , whence the union U of all such UY would be open with x /∈ U and U  Y for all
Y ∈ Y ; but then x ∈ A ⊆ U ). 
Let us call a topological space locally (κ-)hypercompact if every point has a neighborhood base of (κ-)hypercompact sets,
which may be assumed saturated (hence κ-small-generated upsets) but need not be open. The locally 2-hypercompact
spaces are just the locally supercompact ones, while the locally ω-hypercompact ones will be called locally hypercompact.
Of course, the locally hypercompact T1-spaces are the discrete ones. By Lemma 7, a subset C of a topological space is
hypercompact iff ↑C is a ﬁnitely generated upset. Isbell [34] called such sets ﬁnite-bottomed (see also Banaschewski [2],
Lawson [37], Schwarz and Weck [43]).
On the lattice-theoretical side, we generalize the notion of supercontinuous lattices by calling a complete lattice L κ-
hypercontinuous if each b ∈ L is the join of the set {a: a ≺Lκ b}, which is a κ-ideal in case κ is regular. Since a ≺Lκ b implies
a Lκ b, every κ-hypercontinuous lattice is κ-continuous in the sense of [3]. While only the 1-element lattices are 1-
hypercontinuous, “2-hypercontinuous” means “supercontinuous”, and “ω-hypercontinuous” means “hypercontinuous” as in
[24–26,37]. Finally, we call a complete lattice κ-ﬁlter distributive if the distributive law (D) holds for any κ-ﬁltered collection
Y of subsets. We come now to an analogue of Theorem 6 for κ-hypercompact instead of κ-web neighborhoods, generalizing
some known characterizations of locally supercompact spaces (cf. [6,10,16]; see also [37,43] for the subsequent equivalence
(a) ⇔ (d) in the case κ = ω).
Theorem 7. * For any regular cardinal κ  2, a complete lattice is κ-hypercontinuous iff its dual is κ-ﬁlter distributive, and the
following conditions on a topological space X are equivalent:
(a) X is locally κ-hypercompact.
(b) The interior operator of X preserves κ-directed joins of upsets.
(c) The closure operator of X preserves κ-ﬁltered meets of downsets.
(d) The lattice of open sets is κ-hypercontinuous.
(e) The lattice of closed sets is κ-ﬁlter distributive.
The locally κ-hypercompact κ-web spaces are exactly the C-spaces.
Proof. The ﬁrst statement is obtained by generalizing the arguments for the case κ = ω (see Theorem 1), replacing ﬁnite
with κ-small sets (and using AC).
(a) ⇒ (b). Let Y be a κ-directed collection of upsets, and consider an x ∈ (⋃Y)◦ . There is a κ-small set F such that
x ∈ (↑F )◦ ⊆ ↑F ⊆ (⋃Y)◦ ⊆⋃Y , whence F ⊆ U for some U ∈ Y . It follows that x ∈ (↑F )◦ ⊆ U ◦ . Thus, (⋃Y)◦ is contained
in
⋃{U ◦: U ∈⋃Y}.
For (b) ⇔ (c) and (d) ⇔ (e), pass to complements and use the ﬁrst statement.
(c) ⇒ (e). The surjective corestriction of the closure operator preserves not only κ-ﬁltered meets but also arbitrary joins
of downsets, being left adjoint to the inclusion map from the lattice of closed sets into the supercontinuous, hence κ-ﬁlter
distributive lattice of all downsets. And κ-ﬁlter distributivity is transported by surjections preserving arbitrary joins and
κ-ﬁltered meets (requires AC).
(d) ⇒ (a). Each open set U is the union of open subsets V ≺Tκ U . By Lemma 7, for each x ∈ U , there are an open
neighborhood V of x and a κ-small subset F of U with V ⊆ ↑F , and ↑F is κ-hypercompact.
Since a map between complete lattices preserves arbitrary joins if and only if it preserves joins of κ-small sets and of
κ-directed sets (use regularity of κ ), Theorem 6 combined with the previous arguments yields the last claim in Theorem 7.
Note that the cases κ = 2 and κ = ω require no choice principles. 
There are spaces in which all subsets are compact but only the ﬁnite subsets are hypercompact (e.g., all spaces with the
coﬁnite topology). At the other extreme, an obvious question is: when are all compact open sets already hypercompact? As
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web spaces, and all Scott spaces.
We shall make use of the following remark: if C is a compact set then, with respect to the specialization order, every
down-directed subset of C has a lower bound in C (because all principal ideals are closed); thus, by Zorn’s Lemma, C is
“minimized” in the specialization order, i.e., every element of C lies above an element of Min(C), the set of all minimal
elements. By deﬁnition, C is hypercompact if and only if the set Min(C) is ﬁnite. Moreover:
(HC) A set C is hypercompact and open iff it is compact and C \ A is open for all A ⊆Min(C).
For the non-trivial implication, suppose C is compact and Ca = C \ (Min(C) \ {a}) is open for each a ∈ Min(C). Then the
collection {Ca: a ∈Min(C)} is an open cover of C , whence C ⊆⋃{Ca: a ∈ F } = (C \Min(C))∪ F for a ﬁnite F ⊆Min(C), and
it follows that ↑C = ↑Min(C) ⊆ ↑F ⊆ ↑C , i.e., C is hypercompact.
Classically, a subset U of a topological space X is open iff every net that converges to a point in U is residually in U . For
certain order-deﬁned topologies, it suﬃces to test that criterion for monotone nets (xi) (satisfying i  j ⇒ xi  x j). Spaces or
topologies with that property will be called monotone determined. An easy check shows that a space is monotone determined
iff any subset U meeting all directed sets whose closure meets U is open. In the absence of enough joins, one often needs
the following substitute for σ P , called the weak Scott topology (see [6]):
σ2P =
{
U ∈ αP : if D is directed and D↑↓ ∩ U = ∅ then D ∩ U = ∅
}
.
Clearly, σ2P is always coarser than σ P , and both topologies coincide on dcpos.
Proposition 7. *
(1) The weakest monotone determined topology with a given specialization order is the weak Scott topology, the strongest is the
Alexandroff topology.
(2) Every locally hypercompact space is monotone determined.
(3) Compact open subsets of monotone determined or web spaces are hypercompact.
(4) A space is hypercompactly based iff it is monotone determined and compactly based. Hence, every compactly based Scott space is
hypercompactly based.
Proof. (1) Clearly, the specialization order of σ2P is the underlying order of P , and σ2P is monotone determined since
D↑↓ is in this case the closure of D . For an arbitrary space, closedness of the principal ideals ↓y entails that D↑↓ always
contains the closure of D . From this, it follows that any σ2P -open set is also open in every monotone determined space with
specialization poset P . As Alexandroff topologies are supercompact, a fortiori hypercompact, they are monotone determined
by (2).
(2) Let X be locally hypercompact and U a subset such that D ∩ U = ∅ ⇒ D ∩ U = ∅ for directed D . First, observe that
U must be an upset: taking D = {y} and x ∈ U with x  y, one has x ∈ ↓y ∩ U = D ∩ U = ∅, hence D ∩ U = ∅, that is,
y ∈ U . Assume x ∈ U but F  U for all ﬁnite F with x ∈ (↑F )◦ . Then, by Rudin’s Lemma [25, III-3.3], there is a directed set
D meeting each of these sets F but disjoint from U . But then, by local hypercompactness, x ∈ D ∩ U , a contradiction to the
hypothesis. Hence, x ∈ (↑F )◦ ⊆ ↑F ⊆ U for some ﬁnite F , and U is open.
(3) Let C be a compact open set in a monotone determined space. By (HC), it suﬃces to verify that for U = C \ A with
A ⊆ Min(C), any directed D with D ∩ U = ∅ meets U . As C is open and meets D , there is a c ∈ C ∩ D . If c /∈ A, we are
done. If c ∈ A, choose a b ∈ D \ ↓c (using ∅ = D ∩ U ⊆ D ∩ (C \ {c}) = D ∩ (C \ ↓c) ⊆ D \ ↓c) and then a d ∈ D with d b, c.
Assuming d ∈ A we get d = c by the incomparability of elements in A, in contrast to b d and b  c. Hence, d /∈ A and then
d ∈ D ∩ U , because C is an upset and d is above c ∈ A ⊆ C . In any case, D ∩ U = ∅.
For the case of web spaces, apply Theorem 3 and the general lattice-theoretical fact that in coframes, all compact ele-
ments are hypercompact (see [20]).
(4) By (2), every hypercompactly based space is monotone determined. Conversely, a compactly based and monotone
determined space is hypercompactly based by (3). A Scott space is monotone determined since U is open iff U = ↑U and∨
D ∈ U implies D ∩ U = ∅, and in particular, ∨ D ∈ D for directed D . 
Corollary 7. The monotone determined monotone convergence spaces are exactly the Scott spaces of dcpos, and the hypercompactly
based sober spaces are exactly the Scott spaces of quasialgebraic dcpos.
Moreover, it follows from Proposition 7 that the spectral spaces carrying the Scott topology are exactly those quasialge-
braic dcpos in which ﬁnite intersections of Scott open principal dual ideals are ﬁnitely generated upsets.
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